Abstract-Research results on type-2 (T2) fuzzy control have started to emerge in the literature over the past several years. None of these results, however, are concerned with the explicit input-output mathematical structure of a T2 fuzzy controller. As the literature on type-1 (T1) fuzzy control has demonstrated, revealing such structure information is important as it will deepen our precise understanding of how and why T2 fuzzy controllers function in the context of control theory and lay a foundation for more rigorous system analysis and design. In this paper, we derive the mathematical structure of two Mamdani interval T2 fuzzyproportional-integral (PI) controllers that use the following identical elements: two interval T2 triangular input fuzzy sets for each of the two input variables, four singleton T1 output fuzzy sets, a Zadeh AND operator, and the center-of-sets type reducer. One controller employs the popular centroid defuzzifier, while the other employs a new defuzzifier that we propose, which is called the average defuzzifier. The advantages of using the latter defuzzifier are given, which include the fact that the derivation method originally developed by us in previous papers for the T1 fuzzy controllers can be directly adopted for the T2 controller, and the results are general with respect to the design parameters. This is not the case for the other T2 controller, for which we have developed a novel derivation approach partially depending on numerical computations. Our derivation results prove explicitly both controllers to be nonlinear PI controllers with variable gains (i.e., the expressions are different). We analyze the gain-variation characteristics and extend these findings to the corresponding T2 fuzzy-proportionalderivative (PD) controllers. Our new results are consistent with the relevant structure results on the T1 fuzzy-PI and PD controllers in the literature and contain them as special cases. We discuss how the new structure information can be utilized to design and tune the T2 controllers, even when the mathematical model of the system to be controlled is unknown. Neither derivation method is restrictive only to the T2 controllers in this paper-they are directly applicable to other T2 controllers with more complex configurations.
Mamdani type. In addition, the controllers have all been treated as black-box controllers in that their input-output mathematical relations (i.e., analytical structures) are unknown. In other words, the controllers have been used as a means to generate desired, but mathematically unknown, nonlinear mappings between their input and output variables. One substantial downside of this approach is the lack of precise understanding of why and how a T2 fuzzy controller works in relation to control theory where, in sharp contrast, every controller's analytical structure is known from the beginning. Revealing the analytical structure of a T2 fuzzy controller will enable one to insightfully understand the controller. Furthermore, the analytical-structure information will make it possible to study the fuzzy-control system in the framework of the well-developed nonlinear control theory as the fuzzy-control problem will be transformed to a nonlinear control problem. More effective and less conservative, and thus more practical, analysis and design techniques that require less trial-and-error effort may be developed. These benefits have been well documented in the literature for the type-1 (T1) fuzzy controllers. As an example, some T1 fuzzy controllers have been shown to possess peculiar and interesting structures (e.g., nonlinear proportional-integral-differential (PID), proportionalintegral (PI), or proportional-derivative (PD) controllers with variable gains) [1] . This kind of structural information can be used to guide the parameter-tuning process, thus leading to a significant reduction in trial-and-error effort [1] , [23] .
Challenges associated with analytical-structure derivation depend on the configuration of the fuzzy controller, in particular, which kind of fuzzy AND operator is used. This is the case for both the T1 and T2 fuzzy controllers. The product AND operator and the Zadeh AND operator are the only two operators that are employed in fuzzy control. Deriving the analytical structure of a fuzzy controller with the product AND operator is relatively simple; however, a fuzzy controller involving the other operator is far more difficult. Structurally, a T2 fuzzy controller is more complicated than its T1 counterpart as the former has more components (e.g., type reducer), more parameters (e.g., T2 fuzzy sets), and a more complex inference mechanism. To date, there is no literature showing the analytical structure of any T2 fuzzy controller using either type of AND operator. We now bridge the gap by revealing the structure of two Mamdani interval T2 fuzzy-PI controllers (and their corresponding T2 fuzzy-PD controllers) involving the Zadeh AND operator. The T2 fuzzy controllers are called fuzzy-PI (or PD) controllers because their analytical structures are actually related to PI or PD controllers.
The four objectives of this study are interrelated: 1) to develop a novel structure-deriving method for the T2 controllers that employ the popular centroid defuzzifier, 2) to introduce a new defuzzifier, which is called the average defuzzifier, so that among other advantages, the structure of a T2 controller using it can be derived by adopting the method already in the literature that we previously developed for the T1 controllers [1] , [2] , 3) to derive the analytical structure of two different T2 fuzzy-PI (and corresponding PD) controllers using these two defuzzifiers, and 4) to analyze the resulting structures in the framework of control theory for better system design and tuning.
II. CONFIGURATION OF TWO INTERVAL TYPE-2 FUZZY-PROPORTIONAL-INTEGRAL CONTROLLERS
We now describe two interval T2 fuzzy-PI controllers, which differ only in defuzzifier. Modifications to them will lead to the corresponding fuzzy-PD controllers, which will be given in Section III-A.
Each T2 fuzzy-PI controller is configured as an interval T2 fuzzy system (see Fig. 1 ) that is typical at present [24] , [25] . It uses two input variables, i.e., e(n) and r(n), and one output variable, i.e., u(n). Two scaling factors K e and K r are employed to scale e(n) and r(n), respectively, as follows:
where SP (n) is the system output reference signal, y(n) the output of the system under control, and n the sampling instance. The output variable u(n) is obtained from the incremental output ∆u(n) and the previous output u(n − 1) as follows:
We introduce internal variable ∆U (n) and its scaling factor K ∆ U ; they are related to ∆u(n) through
E(n) is fuzzified by two interval T2 fuzzy sets, which are called "positive" and "negative" [see Fig. 2 (a)], and R(n) by another pair of interval T2 fuzzy sets, which are also called "positive" and "negative" [see Fig. 2(b) ]. These fuzzy sets can be considered as parts of trapezoidal T2 fuzzy sets. The primary memberships for E(n) and R(n) are bounded by the upper and lower membership functions that are trapezoidal T1 fuzzy sets-EP where θ 1 ,θ 2 ∈ [0, 0.5), we obtain the upper and lower membership functions of the T2 fuzzy sets (i.e., EP U ,
and RN L ). The design parameters θ 1 and θ 2 are used to specify different degrees of uncertainties represented by the T2 fuzzy sets. In Fig. 2 , P 1 = 2L 1 θ 1 , and P 2 = 2L 2 θ 2 . Being of the interval type, the secondary membership functions of these T2 fuzzy sets are all equal to 1 for the entire universes of the discourses. Four singleton T1 fuzzy sets are defined for ∆U (n). They have nonzero membership value only at ∆U (n) = H 1 , H 2 , H 3 , and H 4 , respectively, as shown in Fig. 3 . The order of the four values in the figure represents one of the many possibilities and is illustrative only. Their actual relative positions depend on the values assigned by the controller designer.
As there are two fuzzy sets for E(n) and two fuzzy sets for R(n), the following four fuzzy rules are employed to cover all the four different combinations: 
For set-point control problems, which is one of the most commonly encountered control problems in practice, the four rules should be adequate in many cases as there are only four different scenarios, each of which is taken care of by one of the rules [23] (see Fig. 4 ). When applying the interval T2 fuzzy inference [24] to these rules, we need to treat each of the T1 fuzzy sets in the rule consequents as interval T2 fuzzy sets. Specifically, they can be regarded as peculiar interval T2 fuzzy sets whose upper and lower primary membership values are both 1. The Zadeh fuzzy-logic AND operator [i.e., min()] is used in the rules. Using the interval T2 fuzzy inference, the firing intervals as a result of the Zadeh AND operation for Rule 1 to Rule 4 are
The fuzzy sets in the rule consequents do not appear in the left and right endpoints of the intervals because their primary membership values are all 1. As a result of the fuzzy inference, each of the four singleton T1 fuzzy sets along with its firing interval forms a singleton interval T2 fuzzy set with the left and right terminal points of the firing intervals being the lower and upper membership functions, respectively. These singleton interval T2 fuzzy sets need to be reduced to a T1 fuzzy set via a type reducer so that a crisp output can be obtained later by defuzzifying it. We use the center-of-sets type reducer in [24] , which produces
Here, ∆U T R (n) is an interval because R k is an interval. There exists no method in the literature that could yield the mathematical expression of ∆U T R (n). Alternatively, we use the KarnikMendel algorithm [24] , which is a numerical method that is capable of finding the left and right endpoints of ∆U T R (n) using only the eight endpoints of R k (i.e., R kL and R kU ). Note that R kL and R kU have a total of 16 (i.e., 2 4 ) different combinations. The algorithm generates 16 values in the universe of ∆U (n) that is, one for each combination
where R k * means either R kL or R kU . Let us designate ∆U min j (n) and ∆U max j (n) to be the smallest and the largest among the 16 values, respectively. According to Mendel [24] ,
The next step is defuzzification. We will discuss an existing method and propose a new one.
A. Defuzzification 1) Use of the Centroid Defuzzifier:
If the popular centroid defuzzifier is used [24] , then
where ∆U min j (n) and ∆U max j (n) change with time because they depend on E(n) and R(n). Determining which ∆U j (n) is the largest or smallest usually poses no difficulty if only a numerical outcome is desired, which is the case for virtually all the T2 control studies in the literature. This, however, is not the case for our study because what we want is a mathematical expression as the defuzzification result and not a number.
To derive the analytical structure of the T2 fuzzy controller with this defuzzifier, we will develop a novel approach as nothing in the literature is directly usable.
2) Use of the Average Defuzzifier: We propose a new defuzzification algorithm that uses the average of the 16 values as the defuzzification outcome
Hence
For convenience, we call this algorithm the average defuzzifier. Conceptually, (11) produces the centroid of ∆U T R (n), while our new method generates a value that approximates the centroid; for further discussion, see Section III-C.
The advantages associated with the use of the average defuzzifier over the centroid defuzzifier will become more evident after the structures of the T2 controllers have been derived in Section III-A and B; we will list them in Section III-C. A significant benefit is that the structure of the T2 fuzzy-PI (or PD) controller can be derived by adopting the derivation method already existing in the literature that we have previously developed for the T1 fuzzy controllers [1] , [2] .
We now first derive the analytical structure of the T2 fuzzy controller described by (12) and then extend the result to the T2 controller represented by (11) .
III. DERIVATION AND ANALYSIS OF THE ANALYTICAL STRUCTURES OF THE TYPE-2 FUZZY-PROPORTIONAL-INTEGRAL AND PROPORTIONAL-DERIVATIVE CONTROLLERS

A. Deriving the Analytical Structure of the Type-2 FuzzyProportional-Integral Controller Represented by (12)
Regardless of which defuzzifier is used, the key to the mathematical-structure derivation is to determine the outcomes of the min() operations in the four rules. The nature of this issue is the same as what one will encounter when deriving the analytical structure of the T1 fuzzy controllers whose fuzzy rules involve the Zadeh AND operator. We developed a structurederiving technique in [1] , which was then generalized to cover any T1 controller using this operator [2] . The method is readily applicable to the T2 fuzzy controller in (12) , and we will utilize it here.
Without loss of generality, we consider the case when
for brevity. The structure expressions for the remaining cases (i.e., when
To derive the explicit expressions of (12), we first need to determine the left and right membership endpoints of the firing intervals in (5)- (8) . In each of the min() expressions, the membership values of E(n) and R(n) are variables. Therefore, to decide which membership value is smaller [i.e., the outcome of the min()], we need to divide the input space
into a number of regions so that for each region, either the membership value of E(n) is always greater than that of R(n), or it is the other way around; however, it cannot be both. We call such a region an input combination (IC). 
the IC-labeled R 1U IC1, then EP U = 1, and RP U = 1. Hence, R 1U = 1, which is marked in the IC in the figure. In R 1U IC2, EP U < RP U ; hence, R 1U = EP U . Finally, in R 1U IC3, EP U > RP U , thus leading to R 1U = RP U . On the boundaries of the two adjacent regions, either result can be used, as they are equal. Fig. 5 only considers what happens to the min() operations when each rule is evaluated one by one. Nevertheless, at any time instance, all the four rules are actually executed at the same time. Thus, they should be considered simultaneously. This amounts to superimposing all these eight figures. The numbers and shapes of the final region divisions after the superimposing depend on the parameter values of the input fuzzy sets. For example, when 
, superimposing results in a total of 25 ICs, as shown in Fig. 6(a) . The results of the left and right endpoints of the firing intervals in (5)-(8) for these 25 ICs are listed in Table I . If we suppose that L 1 > L 2 , but θ 1 = θ 2 (i.e., P 1 = P 2 ), superimposing will create 16 ICs instead [see Fig. 6(b) ]. The corresponding left and right endpoints of the intervals are the same as those of the first 16 of the 25 ICs in Table I .
For each IC, put the eight membership functions (i.e., the eight entries in a row in Table I ) into (10), and then, send the result to (12) . After some mathematical manipulations, we will obtain the analytical structure of the T2 fuzzy controller for that IC. Table II illustrates the mathematical expressions of ∆U j (n), j = 1, . . . , 16, for IC1 in Fig. 6(b) . Note that the 16 expressions share the same structure pattern
where C j k and D j k , for k = 1, 2, 3 are constants whose values depend on the design parameters of the fuzzy controller (e.g., L 1 , L 2 , K ∆ U , and H i ). Because of space limitations, we do not provide ∆U j (n) for the rest of the ICs. They all confirm to this pattern because both the denominator and the numerator of (10) are always linear functions of e(n) and/or r(n). Keeping (12) in mind, we have
Letting
which can be viewed as a nonlinear PI controller in incremental form with variable proportional gain K p (e(n), r(n)), variable integral gain K i (e(n), r(n)), and changing control offset δ(e(n), r(n)).
As a concrete example, we provide the proportional gain for IC1 shown in Fig. 6(b) using Table II. After some simple TABLE II  ANALYTICAL STRUCTURE OF THE T2 FUZZY-PI CONTROLLER FOR IC1 SHOWN IN FIG. 6(B) mathematical manipulations, we arrive at
(17) Note that the structure of the PD controller in position form is the same as that of the PI controller in incremental form. Therefore, if U (n) is employed in the four fuzzy rules instead of ∆U (n), the result will be a nonlinear PD controller with variable proportional gain and derivative gain
where the mathematical expressions of K p (e(n), r(n)) and K d (e(n), r(n)) are exactly the same as K i (e(n), r(n)) and K p (e(n), r(n)) in (13), respectively. Stating these results more formally, we have the following theorem. Theorem 1: The T2 fuzzy-PI (or the corresponding PD) controller, which is represented by (12) , is equivalent to a nonlinear PI (or PD) controller with variable gains and control offset.
B. Deriving the Analytical Structure of the Type-2 FuzzyProportional-Integral Controller Represented by (11) With Development of a Novel Derivation Technique
When dealing with (11), we need to deal with the average of ∆U min j (n) and ∆U max j (n) instead of the average of the 16 ∆U j (n). From Section III-A, it should be clear that ∆U min j (n) or ∆U max j (n), being one of the 16 ∆U j (n), is represented by (14) . This leads to the conclusion that the fuzzy-PI controller involving (11) has a similar analytical structure to (15) and is given by
where j = 1 represents the case of ∆U min j (n), and j = 2 represents the case of ∆U max j (n). Designating
Like (16), (18) represents a nonlinear PI controller in incremental form. The only difference between (16) and (18) is that of the expressions for the gains and the offset. The same result can be obtained for the corresponding fuzzy-PD controller in position form that uses (11) . To summarize, we have the following theorem.
Theorem 2: The T2 fuzzy-PI (or the corresponding PD) controller represented by (11) is equivalent to a nonlinear PI (or PD) controller with variable gains and control offset.
We comment that the exact expressions of the nonlinear PI controllers in Theorem 1 and Theorem 2 are different.
The structure-derivation technique applied to the T2 fuzzy controller in (12) , which is presented in Section III-A, fulfills only part of the derivation task for (11) . The expressions of the 16 ∆U j (n) derived for each IC determined by (5)-(8) and the ICs themselves are the basis for our novel, numerical technique, which is given below, to complete the entire task. The technique will 1) determine ∆U min j (n) and ∆U max j (n) (both are expressions) from the 16 ∆U j (n) expressions at any sampling time n and 2) determine the boundaries of additional ICs, if any, in each IC mentioned above as a result of the min() and max() operations involved in the centroid defuzzifier. For a better presentation, we will use (11) as an example. However, the reader will see this new method to be general and directly applicable to many other T2 controllers that use the centroid defuzzifier.
Manually achieving the two goals is extremely difficult, if not impossible. Consequently, one needs to write a (simple) computer program, preferably using a symbolic software package such as Mathematica TM and MATLAB Symbolic Math Toolbox TM to determine, at each point of interest, which ∆U j (n) is ∆U min j (n) or ∆U max j (n). Through this process, the points with the same expression of ∆U (n) = (∆U min j (n) + ∆U max j (n))/2 collectively form an additional IC. Initially, the numbers and shapes of the additional ICs' boundaries found may vary with the number of points involved. This is because at some points, more than one ∆U j (n) may have the same smallest (or largest) value. To deal with this, one needs to check, for each of the points, what ∆U j (n) is used by the immediately surrounding points as their ∆U
If they employ the same ∆U j (n) as the point does, then assign it to that point. This procedure will continue until the numbers and shapes no longer vary with the number of points used. At that time, the additional IC boundaries found are regarded as the underlying ones, and the total number of ICs (i.e., original ICs plus additional ICs) should be the smallest. The ∆U min j (n) and ∆U max j (n) in one IC can then be plunged into (11) to derive the fuzzy controller's analytical structure for that IC, just like what is presented above involving (12) . Obviously, if more points are used, the boundaries of the ICs will be smoother.
As an example, without loss of generality, let us assume that θ 1 FIG. 7 each of the 14,641 square vertexes and found 24 ICs shown in Fig. 7 (a) (points with same gray level form an IC). ∆U min j (n) and ∆U max j (n) for each IC are listed in Table III . As a result, the analytical structures are readily derivable (the detail is omitted). Note that the ICs, as well as their structure expressions, are symmetrical with respect to the origin, thereby leading to the symmetry of controller output surface [see Fig. 8(a) ]. IC17 to IC24 in Fig. 7(b) are the additional ICs found, as compared with the 16 ICs in Fig. 6(b) .
C. Similarities and Differences Between the Average Defuzzifier and the Centroid Defuzzifier
When introducing the average defuzzifier above, we have already pointed out that it generates a value that approximates the value produced by the centroid defuzzifier. As a demonstration, we now provide a numerical example in Fig. 8 from which one can observe that only a marginal difference exists in controller output between these two fuzzy controllers whose configurations are exactly the same except the defuzzifier. The maximum difference is only 2.83%. The numbers and shapes of the ICs (not shown) are somewhat different, which are not important.
For a developer wanting to explicitly know and analyze the analytical structure of his/her T2 fuzzy-control system, the average defuzzifier is a better choice. Based on Section III-A and B, one observes the following facts. 1) Deriving the structure from (12) can be executed manually without computer assistance. However, a computer program must be made to aid the derivation process involving (11). 2) For (11), the structure expressions and their computed IC boundaries are valid only for the parameter values used for the calculations. For a different set of parameter values, the program has to be rerun. This is not the case for the IC divisions and structure expressions obtained based on (12).
3) The IC divisions for (12) are mathematically derived, and hence, the resulting boundaries are exact. However, boundaries of the ICs for (11), being found through numerical calculations, are approximations to the true ones.
The approximation errors become smaller as the number of points used in the calculations increases (computing time will increase as well). One difference between the two defuzzifiers is the controllers' gains. Look at the central area formed by Tables III and IV 
D. Characteristics of the Variable Gains of the FuzzyProportional-Integral and Proportional-Derivative Controllers
Given the similar controller structure of the two controllers, we will focus only on the T2 controller with the average defuzzifier and analyze its characteristics below. Similar analysis results are expected for the T2 controller with the centroid defuzzifier.
Expression (17) is a bit long and complex because it is general in that the parameters can be of any values. For an easier and more insightful analysis, let us suppose, relative to the parameter values set in Fig. 6(b) , that
where H > 0. These assumptions are not restrictive as the analysis is applicable to any other parameter-value settings. Note that when L 1 = L 2 , the rectangular overall region in Fig. 6(b) becomes a square. The assumptions H 1 = H, H 4 = −H, and H 2 = H 3 = 0 are reasonable (e.g., they were used when we studied the T1 fuzzy-PI and PD controllers [2] , [26] ). Referring to Fig. 4 , the controller output should be increased if the system output is in the region governed by Rule 1 and decreased in the area managed by Rule 4. It is sensible that the magnitudes of the increment and decrement are equal. In the regions related to the other two rules, no change to the controller output is necessary. From (19) , the expressions for the variable gains (which are partially given in Table II ) and the offset are substantially simplified. The proportional gain of the T2 fuzzy-PI controller is listed IC by IC in Table IV . Because of space limitations, the expressions for the integral gain and the offset are not provided; however, they can be derived in the same fashion using the information given above. We point out that the mathematical structures in these expressions are similar to those shown in Table IV . We will focus on this setting to conduct the following analysis.
1) Structural Connection Between the Type-2 FuzzyProportional-Integral and Proportional-Derivative Controllers and the Type-1 Fuzzy-Proportional-Integral and Proportional-Derivative Controllers:
The T2 fuzzy-PI (or PD) controller contains its corresponding T1 fuzzy-PI (or PD) controller as a special case when θ 1 = θ 2 = 0. Therefore, the variable gains of the corresponding T1 fuzzy-PI controller are obtained by letting θ = 0. The results are shown in the last column of Table IV. Note that when θ = 0, IC5 to IC16 no longer exists. Incidentally, the proportional-gain expressions in Table IV for the T1 fuzzy controller are exactly the same as those that we derived when studying the T1 fuzzy controller with the same configuration in the framework of T1 fuzzy control in the past [1] , [2] , [26] , thus indirectly validating the correctness of the T2 structure derivation results in the present paper.
According to Table IV , the proportional gains of the T2 and T1 PI controllers share similar mathematical structures. To better present the similarities, we provide 3-D plots in Fig. 9 to illustrate how the proportional gains of these two controllers vary with e(n) and r(n) in IC1 to IC 4 (without loss of generality, we use (19) , and let θ = 0.3, L = H = 1, and K e = K r = K ∆ U = 1). The characteristics of the variable gains indeed look quite similar. It should be understood that the similarity is independent of the values of the parameters involved. This similarity should not come as a surprise. After all, through the analysis above one sees that the T2 fuzzy-PI controller is equal to the average of two T1 fuzzy-PI controllers when the centroid defuzzifier is used (i.e., ∆U min j (n) represents one controller and ∆U max j (n) another) or equal to the average of 16 T1 fuzzy-PI controllers when the average defuzzifier is employed.
Analytically speaking, the use of the T2 input fuzzy sets in the T2 fuzzy controllers makes infinitely many different (but somewhat similar) nonlinear PI (or PD) controllers, as opposed to only one controller of the same kind in the case of the T1 fuzzy controllers. The characteristics of the gains are parameterized by θ and are adjustable by it. We now analyze how θ influences the characteristics of the variable gains.
2) Characteristics of the Variable Gains of the T2 Fuzzy-PI and PD Controllers: Our analysis will focus on the T2 fuzzy-PI controller in IC1 to IC4 only. This is the most important region for the controller operation because 1) it contains the system's equilibrium point (K e e(n), K r r(n)) = (0, 0), and 2) when the controller operates outside of these ICs, at least one of the two input variables is fuzzified by the flat portions of the T2 fuzzy sets (i.e., when their membership functions are constant 0 or 1; see Fig. 2 ). Furthermore, we will only need to analyze the proportional gain because the integral gain is proportional to it due to
Finally, note that 1) the gain expression for IC1 and IC3 is the same as that for IC2 and IC4 if K e |e(n)| and K r |r(n)| exchange their positions, and 2) the gain expressions for IC1 and IC3 are symmetrical with respect to the y-axis, and those for IC2 and IC4 are symmetrical with respect to the x-axis. Hence, it suffices to study the proportional-gain-variation characteristics for IC1, which is given by From Fig. 2 , the valid range for θ is [0, 0.5). This analysis approach can be extended to the other ICs of the T2 fuzzy-PI controller or the T2 fuzzy-PD controller.
Property 1:
The size of the area occupied by IC1 to IC4 decreases with the increase of θ.
This characteristic is obvious because from Fig. 2 , one sees that θ determines the size of each IC, including IC1 to IC4. The larger the value of θ, the smaller the area of IC1 to IC4. More specifically, each side of the square formed by IC1 to IC4 is 2L − 4Lθ.
Property 2: Keeping θ constant, the proportional gain monotonically increases with the increase of e(n). The maximal proportional gain K max (θ) and the minimal proportional gain K min (θ) are reached when K e e(n) = L − 2θL, and K e e(n) = 0, respectively This property can be understood from (21) . When e(n) increases, the values of all the five fraction expressions in (21) will monotonically increase, thereby leading to a higher proportional gain. This can also be seen from the 3-D plot shown in Fig. 9(a) . It is trivial to determine the maximal gain and the minimal gain, as stated in (22) and (23) . Note that K e e(n) = L − 2θL indicates that K e e(n) reaches one of the boundaries of IC1 [see Fig. 6(b) ].
Property 3: K min (θ) increases monotonically with θ, while K max (θ) does not, thus leading to a nonmonotonic relationship for the gain ratio K max (θ)/K min (θ) with respect to θ.
It is obvious that K min (θ) increases as the denominators of the two fraction expressions in (23) increase with θ. In order to prove that K max (θ) is nonmonotonic, we solve dK max (θ) / θ = 0 and find that K max (θ) achieves its minimum 0.387, when θ = 0.272, which means K max (θ) decreases when θ is in [0, 0.272] and increases when θ belongs to [0.272, 0.5). Fig. 10(a) shows how K max (θ) and K min (θ) vary with θ. Subsequently, K max (θ)/K min (θ) shows a nonmonotonic relationship with respect to θ, which is plotted in Fig. 10(b) . It can be calculated that the minimum ratio 134.1% takes place when θ = 0.383, and the ratio becomes 200% either when θ = 0 or when θ approaches 0.5. Importantly, however, the area of IC1 to IC4 becomes increasingly smaller as θ goes increasingly closer to 0.5. Thus, a θ that is too large may not necessarily be desirable.
As a reference, it can be computed, on the basis of Table IV , that for the T1 fuzzy-PI controller, the maximal and minimal gains are K max (0) = K ∆ U K r H/(2L) and K min (0) = K ∆ U K r H/(4L), respectively. These results are the same as those we obtained for the T1 fuzzy-PI controller [2] , [26] . Consequently, the gain ratio range is [100%, 200%], which means that the variable gain can be anywhere between the minimal gain and up to two times of it.
These three properties are investigated for the variable proportional gain in IC1, which hold true for IC3 by letting K e e(n) be K e |e(n)|, where e(n) ∈ [−L + 2θL, 0]. They also work for IC2 and IC4-just replace K e e(n) by K r r(n) for IC2 or by K r |r(n)| for IC4.
The variable integral gain shares the same three properties due to (20) .
IV. DISCUSSION
Based on the last section, we now discuss design of the T2 fuzzy-PI (or PD) control systems. To better present our points, we will mainly focus on the controller setting used in Section III-D.1 and D.2; however, the relevance extends to the more general setting given in Section II and beyond.
Even though the T2 fuzzy controllers studied in this paper are relatively simple in terms of the numbers of input fuzzy sets, output fuzzy sets, and fuzzy rules (functionally adequate; see Fig. 4 ), the number of design parameters is still as many as 11, which is very high if compared with the most popular controller in the world-the PID controller that has only 3. The parameters are H 2 , H 3 , and H 4 . Manually selecting or tuning them in a trial-and-error fashion is impractical (widely used for the PID controller, however). Design guidelines are necessary, which are provided below.
A. Determination of θ 1 and θ 2 Values
As a benefit of the analytical-structure derivation and gaincharacteristics analysis, one is now able to treat the T2 fuzzy-PI and PD controllers as nonlinear controllers with variable gains, rather than fuzzy controllers. Because of the availability of the analytical structures, the roles that θ 1 and θ 2 play can now be clearly understood, as opposed to vague measures of the uncertainties for the T2 input fuzzy sets viewed from the standpoint of linguistic knowledge representation. Furthermore, the concepts and techniques in the well-established nonlinear control theory are applicable. To reduce the number of design parameters, we suggest to keep θ 1 = θ 2 = θ for most applications. Compared with the T1 fuzzy controllers, θ represents an extra degree of freedom for the system developer. Depending on control requirements, one may choose different gain ratio by using different values of θ [see Fig. 10(b) ]. If a higher ratio is desired, use of a smaller θ may be appropriate. For certain nonlinear systems, our experience with T1 fuzzy control indicates that a higher gain ratio may be beneficial to control performance. We studied the analytical structure and gain variation of the T1 Mamdani fuzzy-PI controller (the gain ratio was inherently fixed and was 200%) and successfully applied it to the real-time control of the blood pressure in postoperative open-heart patients during their recovery in the Cardiac Surgical Intensive Care Unit [27] . Whether a higher gain ratio is always desirable for T2 fuzzy control is beyond the scope of this paper. It remains an open question and is worth further investigation.
As pointed earlier, the larger the θ, the smaller the square area formed by IC1 to IC4 [see Fig. 10(b) ]. Recall that each side of the square is 2L − 4Lθ, and when θ → 0.5, the square will disappear. A square that is too small may not be desirable. Thus, the value of θ should be appropriately selected to balance the two ends, where the balancing depends on the system to be controlled. As this issue is discussed in the context of nonlinear control, we do not expect that a formula will be derived to calculate a value of θ for any given system. A certain amount of experimentation (e.g., computer simulation) seems to be inevitable in order to find the optimal θ for a given system. It is possible that a number of different combinations of θ values and square area sizes will produce same or similar performances that are all satisfactory to the developer. This scenario is widely encountered throughout the design of conventional control systems, i.e., linear or nonlinear.
B. Determination of the Values of the Remaining Nine Parameters
The remaining parameters are L 1 , L 2 , K e , K r , K ∆ U , H 1 , H 2 , H 3 , and H 4 . Note that L 1 and K e are not independent of each other and neither are L 2 and K r . It is appropriate to set L 1 and L 2 at arbitrary levels, say 1. For most applications, letting H 2 = H 3 = 0, and/or H 1 = −H 4 is proper. Since K ∆ U , H 1 , and H 4 are correlated, one should fix H 1 and H 4 first (e.g., let H 1 = -H 4 = 1). As a result, only K e , K r , and K ∆ U need to be determined. Based on the analytical structures derived above, they can be determined using the technique that we developed in [28] for the T1 fuzzy controllers. The basic idea is this: At the equilibrium point (i.e., when e(n) = r(n) = 0), the variable proportional gain and integral gain of the nonlinear fuzzy-PI controller with variables become fixed gains. As an example, with the above assumptions on the parameters (e.g., L 1 = L 2 = 1), the proportional gain for IC1 to IC4 given in Table IV +6 . Now, we apply the linear PI controller to the system to be controlled. The system can be as complex as being nonlinear, time-varying, and with time delay. Worse (but more realistically), we do not know its mathematical model. We tune the proportional gain and integral gain of the linear PI controller to achieve a reasonable system output performance (e.g., the output is merely stable) and supposedly find the proportional gain and integral gain to be K * p and K * i , respectively. This can usually be obtained rather easily and quickly as the linear PID controller is well known for its capability in this regard. The initial values of K e , K r , and K ∆ U (and θ, if desired) can be determined by using Note that there are three (or four) unknowns in two equations. Hence, the solution is not unique. One will select one solution as the initial values to control the system and fine-tune them to achieve the desired system performance.
For more detailed information on this approach, including stability analysis, see [28] . Obviously, this technique is applicable to the T2 fuzzy-PD controller and is generalizable to other T2 fuzzy controllers as long as their analytical structures are available.
V. CONCLUSION
We have derived the mathematical input-output structure of two Mamdani interval T2 fuzzy-PI controllers: One uses the centroid defuzzifier, and the other uses our newly introduced averaged defuzzifier. The advantages of the new defuzzifier are established in the context of analytical-structure study. We have developed a novel structure-derivation method for the T2 controller with the centroid defuzzifier and have also shown how to adopt an existing technique suitable to T1 controllers to the T2 controller using the average defuzzifier. We have linked the resulting structures to nonlinear control, more specifically, to nonlinear PI control. The characteristics of the variable gains are analyzed. We have extended the work to cover the T2 fuzzy-PD controllers. All of these structures are the first relative to the literature. Taking advantage of the new knowledge, we have discussed how to determine the design parameters of the T2 controllers (as many as 11). These results are applicable to other T2 fuzzy controllers.
